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Abstract
In a recent paper, Polchinski and Strassler found a string theory dual of a
gauge theory with reduced supersymmetry. Motivated by their approach, we
perturb the N = 8 theory living on a set of N M2 branes to N = 2, by adding
fermion mass terms. We obtain M-theory duals corresponding to M2 branes
polarized into M5 branes, in AdS4 × S7. In the course of doing this we come
across an interesting feature of the M5 brane action, which we comment on.
Depending on the fermion masses we obtain discrete or continuous vacua for
our theories. We also obtain dual descriptions for domain walls, instantons
and condensates.
Typeset using REVTEX
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I. INTRODUCTION
In the framework of the AdS-CFT duality [3] and of brane polarization [2], Polchinski and
Strassler [1] found a supergravity dual of a confining gauge theory by perturbing AdS5×S5
with a 3 form field background. The AdS-CFT duality allowed them to extract information
about a 4 dimensional N = 1 gauge theory. In particular they found a mapping between
the gauge theory vacua and states corresponding to the D3 branes being polarized into NS5
and D5 branes.
We can apply the same philosophy in order to obtain the supergravity dual of a theory
coming from perturbing the 3 dimensional N = 8 theory living on N M2 branes. The
approach is similar, but at some points subtle differences between string theory and M
theory come to play a role.
As discussed in [4], this 3 dimensional theory is obtained in the IR (strongly coupled)
limit of a 3 dimensional N = 8 SYM. We know that the strongly coupled theory has 8
scalars and 8 Majorana fermions. Of these, 6 scalars and 6 fermions already can be paired
into 3 hypermultiplets in the UV (the D2 brane theory). In the strongly coupled limit,
SO(8) symmetry is restored, so the other scalar pairs up with the dualized Aµ and the 2
other fermions into a hypermultiplet. We can give masses to these 4 hypermultiplets (which
appear as fermion masses in the Lagrangian), preserving N = 2 supersymmetry.
The fermions transform in the 8′ of the SO(8) R-symmetry group. Thus, a fermion mass
transforms in the 35− of SO(8). By the AdS-CFT duality, giving mass to the fermions
corresponds to turning on a nonnormalizable mode of the antiselfdual 4-form field strength
in the 8 dimensional transverse space of the M2 branes.
In [2] it was observed that in a background p+3 form field, Dp branes become “polar-
ized”. The polarization was understood in 2 ways. In one picture the configuration with
the D-branes spread on an S2 with a p+2 brane charge was energetically favored to the
configuration with the D-branes in the center in a background p+3 form field. In the other
picture, the nonabelian scalars describing the position of the brane become noncommutative,
which resulted in a p+2 brane charge. This was worked out in more detail in [1]. In the 3
brane case, for example, noncommutative configurations of the 3 chiral multiplets describe
the polarization into a 3+2=5 brane.
Based on the above, we expect M2 branes to polarized also, when placed in a field
configuration which couples with a higher brane (which can only be the M5 brane). We can
understand M2 brane polarization easily in the first way - an M5 brane of geometry R3×S3
with M2 brane charge will have a supersymmetric minimum at a nonzero radius. This is
what most of this paper will be on.
Unfortunately the degrees of freedom of the M2 brane are not known, so the second
picture is elusive. The weakly coupled theory is irrelevant. It describes the polarization of
D2 branes into D4 branes, which is a different subject to be treated on its own [13].
We can present at most a speculation of this type: for D3 branes, when we give mass
to the 3 chiral multiplets the vevs become noncommutative. This can be interpreted as
polarization into a 2-dimensional higher object. We expect on intuitive grounds that when
given mass, 4 hypers becoming “noncommutative” (whatever that means if they are not
matrices) represent somehow the polarization of a M2 brane into a 3 dimensional higher
object. We will present a bit of support for this picture in chapter V.
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II. PERTURBATIONS OF ADS4 × S7
As it is by now standard lore, in the framework of the AdS-CFT duality, to each local CFT
operator of dimension ∆ correspond one normalizable and one nonnormalizable solution of
the supergravity field equation. The coefficient of the nonnormalizable solution corresponds
to the coefficient of the operator in the Hamiltonian, while the coefficient of the normalizable
one corresponds to the vev of this operator [7].
According to the AdS-CFT conjecture the conformal field theory living on aN M2 branes
in dual to M theory living in the geometry they create, for very large N . This geometry is
ds2 = Z−2/3ηµνdxµdxν + Z1/3dxidxi
C03 = −
1
Z
dx0 ∧ dx1 ∧ dx2, F 04 = dC03 , (1)
where µ, ν = 0, 1, 2, i, j = 3, ..., 10. For the case when the branes are coincident, the
geometry becomes AdS4 × S7, and:
Z =
R6
r6
, R6 = 32π2NM−611 , (2)
where M11 is the 11-dimensional Planck mass.
We are interested in turning on a bulk field which corresponds to a fermion mass. The
fermions in the theory living on the M2 branes transform in the 8′ of the SO(8) R symmetry
group. The operators λiλj − δijλ2/8 are chiral and transforms in the 35− of this group.
Thus, their dimension does not change, and their coefficient, transforming also in the 35−
is a fermion mass [5]. Therefore, the bulk field which we have to turn on is a field strength
F 14 oriented perpendicular to the brane, and transforming in the 35− of SO(8) - which is
anti self dual tensors.
The 11d supergravity 4-form field strength satisfies the equation of motion:
d ∗11 F4 = −1
2
F4 ∧ F4 (3)
The total field strength will contain both the background F 04 and the perturbation F
1
4 . Thus
F4 = F
0
4 + F
1
4 . We can reduce the 11 dimensional Hodge dual to an 8-dimensional one:
∗11F 14 = Z−1(∗F 14 ) ∧ dx0 ∧ dx1 ∧ dx2 (4)
Combining (1)(3) and (4) we obtain the equation of motion for the perturbed field:
d[Z−1(∗F 14 − F 14 )] = 0. (5)
Since F 14 can be written as the exterior derivative of a vector potential: F
1
4 = dC
1
3 , the
Bianchi identity is simply dF 14 = 0.
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A. Tensor Spherical Harmonics
As we explained in the previous section, a fermion mass corresponds to an anti-self-dual
4-tensor SUGRA background. Other operators which may be of interest in this theory
transform in 35+ and correspond to antisymmetric self-dual 4-tensors backgrounds. Thus
∗Tijkl ≡ 1
4!
ǫ mnopijkl Tmnop = ±Tijkl, (6)
where the + and − are for 35+ respectively 35−.To make an (anti) self dual 4-tensor field
on the space transverse to the M2 brane transforming in the same way, we can use T4 or
combine it with the radius vector to form
Vmnpq =
xr
r2
[xmTrnpq + xnTmrpq + xpTmnrq + xqTmnpr]. (7)
The forms T4 and V4 are normalized:
T4 =
1
4!
Tmnpqdx
m ∧ dxn ∧ dxp ∧ dxq, V4 = 1
4!
Vmnpqdx
m ∧ dxn ∧ dxp ∧ dxq. (8)
In addition we define
S3 =
1
3!
Tmnpqx
m dxn ∧ dxp ∧ dxq. (8)
Since the general perturbation will be a combination of T4 and V4 multiplied by a power of
r, the following relations will be useful:
dS3 = 4T4 , d(ln r) ∧ S3 = V4 , d(rpS3) = rp(4T4 + pV4) ,
dT4 = 0 , dV4 = −4d(ln r) ∧ T4 , dr ∧ V4 = 0
∗T4 = ±T4 , ∗V4 = ±(T4 − V4). (9)
In order to relate fermion masses to tensors it is convenient to group the 8 fermions and
the 8 transverse coordinates in complex pairs:
z1 = x3 + ix7 , z2 = x4 + ix8 , z3 = x5 + ix9 , z4 = x6 + ix10 , (10a)
Similarly the fermions can be “complexified”:
Λ1 = λ1 + iλ2 , Λ2 = λ3 + iλ4 , Λ3 = λ5 + iλ6 , Λ4 = λ7 + iλ8 . (10b)
Under a rotation zi → eiφizi the fermions transform as :
Λ1 → ei(−φ1+φ2+φ3+φ4)/2Λ1
Λ2 → ei(φ1−φ2−φ3+φ4)/2Λ2
Λ3 → ei(φ1+φ2−φ3+φ4)/2Λ3
Λ4 → ei(φ1+φ2+φ3−φ4)/2Λ4 (11)
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If we give masses to the 4 complex fermions we preserve N = 2 supersymmetry . Thus
the Lagrangian will be perturbed with:
∆L = Re(m1Λ
2
1 +m2Λ
2
2 +m3Λ
2
3 +m4Λ
2
4) (12)
This perturbation transforms under SO(8) like:
T = Re(m1dz¯
1 ∧ dz2 ∧ dz3 ∧ dz4 +m2dz1 ∧ dz¯2 ∧ dz3 ∧ dz4+
+m3dz
1 ∧ dz2 ∧ dz¯3 ∧ dz4 +m4dz1 ∧ dz2 ∧ dz3 ∧ dz¯4) (13)
Regardless of the masses, this perturbation is invariant under the discrete Z2 symmetry:
z1 → iz¯1, z2 → iz¯2, z3 → iz¯3, z4 → −iz¯4. (14)
This symmetry has to do with the fact that our tensors are anti self dual. We will first be
exploring the SO(4) symmetric configuration: m1 = m2 = m3 = m4 = m. We can easily
check that in this case only two components of T will be nonzero: T3456 = −T789 10 = 4m.
In chapter V we will be exploring generalizations to unequal masses.
B. Linearized Perturbations
As discussed in the previous subsection, the general form of the perturbation is
F 14 = r
p(aT4 + bV4) (15)
We can use the Bianchi identity and (9) to simplify this to:
F 14 = (a/4)r
p(4T4 + pV4) = (a/4)d(r
pS3).
Using the equation of motion (5) and (9) we obtain after a few steps:
p2 + 14p+ 24∓ 24 = 0. (16)
We can see that for 35− there are 2 solutions
p = −6 ; F 14 ∼ (R/r)6[4T4 − 6V4], (17a)
p = −8 ; F 14 ∼ (R/r)8[4T4 − 8V4], (17b)
Translating to an inertial frame, and remembering that the AdS4 radius u = r
2, we can
see that the first perturbation is nonnormalizable, and corresponds to turning on a fermion
mass in the gauge theory, while the second one is normalizable and corresponds to the vev of
λλ. These perturbations correspond to a field which is AdS4 pseudoscalar and S
7 3-tensor,
and which satisfies an S7 equation of “self duality in odd dimension” type [6]. The mass
perturbation corresponds to:
F 14 = α(R/r)
6[4T4 − 6V4] = d
(
α(R/r)6S3
)
, (18)
where α is the numerical constant that relates the boundary theory mass to the coefficient
of the nonnormalizable bulk mode. From now on and throughout this paper we will be
absorbing α into m.
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III. M5 BRANE PROBES
In this section we consider a test M5 brane in the AdS4 × S7 geometry, perturbed with
F 14 flux. This is a relatively simple problem which contains most of the “meat” of the more
complicated problem - that of the M2 branes becoming polarized into M5 branes.
We will be first examining the case of 4 equal masses, which has an SO(4) symmetry
between the 4 complex scalars. Our test M5 brane has the geometry R3 × S3, and has M2
brane charge n. Thus 3 of its directions are parallel to the M2 branes which create the
geometry, while the other 3 are wrapped on an S3 inside S7.
Turning on a M2 brane charge (parallel to that of the source M2 branes) on the M5
brane is done by turning on a 3 form field strength flux F3 on S
3. This can be done, but
it is not so straightforward. The 3 form field strength on the M5 brane is self dual - so
naively turning on a flux on the S3 cannot be done without turning on a flux in the other
3 directions. Moreover, we are in a background of C3, so the gauge invariant object in the
brane theory is not F3 but F3 − C3. Thus before proceeding with the computation we need
to have a thorough understanding of the M5 brane action and of how self duality is achieved.
A. The M5 Brane Action
The action of an M5 brane is more complicated than that of D-branes because, as we
said, the theory on the M5 brane contains a self dual 2 form field. We will only be interested
in the bosonic part of this action. There are 2 approaches at writing an action for such a
field.
The first approach, by Pasti Sorokin and Tonin [8] consists in combining in a clever way
the 3-form field with an auxiliary scalar field a to form the action:
SPST = −
∫
d6x
[√
− det(gmn + iH˜mn) +
√−g 1
4∂ra∂ra
∂ma(∗H)mnpHnpq∂qa
]
−
∫ [
C6 +
1
2
F ∧ C3
]
. (19)
Here C6 and C3 are the pullbacks of the M-theory forms, F = dB is the field strength living
on the brane, Hmnp ≡ Fmnp−Cmnp, ∗ represents the Hodge dual, and H˜mn = (∗H)mnp ∂pa√∂ra∂ra .
The action has a Lorentz invariant form, and the self duality ofH is forced when integrat-
ing out the auxiliary field. The first term looks like a Born -Infeld term (and reduces to the
normal Born - Infeld term for a D4 brane), the second term is a mixed term (which reduces
to a part of the Wess-Zumino term of a D4 brane, but which unlike normal Wess-Zumino
terms is not zero in the absence of background fields). The third term is a Wess-Zumino
term. Using this approach the relative normalizations of the 3 terms in the action, and the
generalized formula for background fields (19) can be easily found. Nevertheless, in order to
compute anything using the first 2 terms one has to fix some of the gauge symmetries.
The second approach, by Perry and Schwarz [9] consists in picking a special direction,
and thus maintaining only 5-d explicit Lorenz invariance (although the theory secretly is 6-d
Lorentz invariant). The 6d metric Gµˆνˆ contains 5d pieces Gµν , Gµ5 and G55. Hatted indices
denote 6 dimensional quantities, and unhatted ones represent 5 dimensional ones. The self
6
dual antisymmetric tensor is represented by a 5× 5 antisymmetric tensor Bµν , and its curl
Fµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν . The action obtained is
SPS = −
∫
d6x(L1 + L2 + L3),
where
L1 =
√√√√− det
(
Gµˆνˆ +
iGµˆρGνˆλH˜ρλ√−G5
)
L2 =
1
4
H˜µν∂5Bµν ,
L3 = −1
8
ǫµνρσλ
G5ρ
G55
H˜µνH˜σλ, (20)
where H˜µν = 1
3!
ǫµνρσλFρσλ, and G5 = detGµν , and the ǫ symbol is purely numerical.
This action can be used directly for explicit computations, and can be obtained from the
PST action with no external background upon fixing ∂µa = δ
5
µ, and Bµ5 = 0 . L1 is obtained
from the Born-Infeld term, and L2 + L3 are obtained from the mixed term. Self duality
(which in this approach appears as an equation of motion) in the limit of a free theory in
the gauge Bµ5 = 0 is H˜
µν = ∂5Bµν . Note that H˜
µν is not a tensor, since ǫ is numeric
If the theory is interacting, the self duality relation is more complicated, and can be
found in its full splendor in [10]. For the cases we are interested in, where only 345 and 012
fields are turned on, the equations simplify to give:
∂5Bµν = Kµν =
√−GGµµ′Gνν′H˜µ′ν′
−G5
√
1 +HµνρHµνρ
. (21)
In the language of [10], if only 345 and 012 fields are turned on, z21 = 2z2, which makes the
formulas simplify. Under this assumption, also
L1 =
√−G
√
1 +HµνρHµνρ.
In [10] the action is given for a general gravitational background, but not for a back-
ground with a 3-form field turned on. The PST action however is given in the presence of
a background 3-form field, but it is hard to use for explicit computations. Fortunately, we
know [11,8] how to obtain the PS action from the PST action without a background field.
Therefore, we expect to obtain a generalization of the PS action by gauge fixing the PST
action with background field. This can be easily done, and the only change in the PS action
is : ∂5Bµν → ∂5Bµν − C5µν , H˜µν → 13!ǫµνρσλ(Fρσλ − Cρσλ).
B. A Toy Problem with the M5 brane action
In this section we will do a toy problem in which the interplay of the 2 formulations
of the M5 brane action is shown. Let us consider a flat M5 brane extended in the 012345
directions in flat 11d, in a background of C012 and C345. We turn on a nonzero F345, and we
7
select “2” as our special direction in the PS action. We call f = F345−C345. Thus H˜01 = f ,
and the Born Infeld term is LBI = −
√
1 + f 2. The equation of motion (21) gives:
∂2B01 − C201 = f√
1 + f 2
, (22)
and thus
L2 = − f
2
2
√
1 + f 2
.
Since the metric is diagonal, L3 = 0. We can read off the Wess-Zumino term from the PST
action. In the gauge we chose, F012 = ∂2B01 is given by (22). Note that the action goes like
f 2 for small f and like f for large f . This is also characteristic to the D-brane action. Note
that applying naively the weak coupling version of the self-duality would give us an action
growing like f 2 for large f , which is nonphysical (it does not reduce to Born Infeld).
Let us try to get some intuition about the physics of the problem. For small f and no
background fields, turning on a flux in the 345 direction induces the turning on of a flux in
the 012 of the same magnitude (22). What this tells us is that if we dissolve an M2 brane
in an M5 brane their fields force (by the SUGRA equations of motion) the appearance of a
field which couples with an orthogonal M2 brane. However if f is very large, (22) tells us
that the dual M2 brane charge asymptotes to 1.
C. The M5 brane probe
We consider a large number of M2 brane along the 012 directions and an M5 brane with
3 directions wrapped on an S3. Since we know the effect of rotations in the 3-7, 4-8, 5-9, and
respectively 7-10 planes on all the fields, we can assume the plane of the sphere to be 3456.
Let us denote by ǫˆijkl the numerical antisymmetric tensor restricted to the 3456 plane. We
also give the M5 brane an M2 brane charge n, by turning on a 3-form field strength along
S3:
F3 =
4πn
M311r
43!
ǫˆijklx
idxj ∧ dxk ∧ dxl. (23)
We assume n < N , so the effect of the M2 brane charge of the probe on the background can
be ignored. From (12) (13) and (18) we find that T3456 = 3m, and thus
C13 =
(
R
r
)6
S3 = 3m
(
R
r
)6 ǫˆijkl
3!
xidxj ∧ dxk ∧ dxl. (24)
For further reference we can also express C1θφα and Fθφα using the angles of the 3 sphere, by
noticing that ǫˆijklx
idxj ∧ dxk ∧ dxl|S3 = 3! r4 sin2 θ sin φ dθ ∧ dφ ∧ dα. C03 is given by (1).
The M theory 6 form is the dual of the 3 form and can be found using
dC6 − 1
2
C3 ∧ F4 = dF7 = d ∗ F4. (25)
Using (4), (17) and the relations in (9), we obtain
dC6 = [Z
−1(∗F 14 − F 14 ) +
1
2
d(Z−1C1)] ∧ dx0 ∧ dx1 ∧ dx2 = 0. (26)
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Thus the first term in the Wess-Zumino action gives no contribution. This is different from
[1], where the nonzero 6-form background gave one of the leading contributions to the action.
Since we have spherical symmetry, the value of the action will be the same at every point
on the 3-sphere. To make the computation more explicit we concentrate on the point x6 = r,
and we chose “2” as our special direction. Thus:
H345 = H⊥ = −
[
4πn
M311r
3
− 3mRR
5
r5
]
= −A
r3
− C345, (27)
where A ≡ 4πn/M311 We are interested in the limit when the M2 brane charge of the M5
brane is bigger than its M5 brane charge. This means n >>
√
N . Therefore we expect the
first term in H345 to be dominant. We separate the 6 dimensional metric into perpendicular
and parallel parts and denote by G⊥ and G‖ their respective determinants. Using the
equation of motion (21) we obtain
∂2B01 − C201 = −H⊥G−1⊥
√
−G⊥G‖√
1 +H2⊥G
−1
⊥
= −H345G33G44G55
√
− detGµˆνˆ√
1 +H345H345
(28)
Since C012 is known, (28) gives us the value of F012, which couples with C345 in the Wess
Zumino term. For large M2 brane charge , −C201 is very close to the right hand side of (28),
and basically the Wess-Zumino term containing F012 is negligible.
This is very interesting, and definitely not a coincidence. What we discovered is that the
equations of motion of an M5 brane with relatively large M2 brane charge in a geometry
given by (1), give rise to a “dual” 3 form equal to the background 3-form field of this
geometry, for any M2 brane charge which is large enough. Note that this is independent
of Z, and even of the shape of the M5 brane (the G⊥’s cancel out). Thus the M5 brane
Lagrangian somehow knows about the M-theory equations of motion. This is an interesting,
if somewhat not expected connection which deserves further study.
We have all the pieces needed to compute the full potential for an M5 brane in this
geometry. We also integrate over the sphere, which will give us a potential energy per unit
length. The relevant parts of the potential are:
−SBI
2π2V
= r3
√√√√ 1
Z
[
1 +
H2345
Z
]
≈ A
Z
+
r6
2A
+
r3C345
Z
. (29a)
−Smixed
2π2V
=
−r3
2
H345H
345
√−G√
1 +H345H345
≈ − A
2Z
+
r6
4A
− r
3C345
2Z
. (29b)
−SWZ
2π2V
= −r
3
2
[−2C6012345 + C012F345 − F012C345] ≈ −
A
2Z
, (29c)
where the approximation is in the large n limit. We included the C6 component which in
this case is 0, in order to see how it combines with C345 in this action.
As expected, the dominant contributions of the 3 actions come from the M2 brane
charge of the M5 brane, and they cancel. The second terms in (29a) and (29b) represent
the gravitational energy of the M5 brane. In the absence of a background C3 they would
cause the M5 brane to collapse on the stack of M2 branes.
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Since we only worked at order m in perturbation theory, there can be another term
proportional to m2A which has the same relevance as the first 2. Indeed, we expect an order
m2 correction in C012, via (3). Since C012 couples with F345, we can see that this correction
will be relevant. It can also be easily seen that the contribution of this term to the potential
goes like r2.
Thus, the dominant part of the potential is:
−S
2π2V
=
3r6
4A
− 4m
2
r4 + cAm2r2, (30)
where c is not yet determined. Since we have 4 supercharges, c can be computed easily.
Indeed, the potential is the square of the derivative of the superpotential, so c is obtained
by simply completing the square. Before proceeding with this we need to write the potential
in a more general form. As we mentioned at the beginning of this chapter, we restricted
our attention the 3456 plane. The general SO(4) invariant brane configuration is obtained
by rotating the sphere of radius r in the 3-7, 4-8, ... planes by the same angle θ. This
configuration is parametrized by z = reiθ. Examining the effect of rotation on the terms we
had, we see that the action will be:
−S
2π2V
=
3|z|6
4A
− 2mRe(z3z¯) + 4|z|
2m2A
3
=
3
4A
|z3 + 4zmA/3|2, (31)
where the last term was obtained by completing the square. This has a supersymmetric
minimum in the 3456 plane at
r2 =
4mA
3
. (32)
There is however an extra case to consider. Our mass perturbation (13) is invariant under
(14), which flips the M5 brane from the 3456 plane to the 879 10 plane. Thus, there will also
exist a supersymmetric minimum corresponding to an anti M5 brane of the same radius, in
the 789 10 plane. We will have more comments on the superpotential which generates the
action (31) in chapter V.
This is what we advertised: a test M5 brane in the background formed by M2 branes
with F4 flux has a ground state at nonzero r. As we mentioned, the equivalent string theory
picture [1] can be interpreted in 2 ways - as D3 brane polarization or as a ground state for
a D5 brane with D3 brane charge. Unfortunately, no one has studied the polarizability of
M2 branes, so we can only assume it takes place by analogy with the string theory case.
IV. THE FULL PROBLEM - WARPED GEOMETRY
As we have seen in the previous chapter, turning on fermion masses polarizes the M2
brane. We now consider the case of the N M2 branes distributed uniformly on one or
several 3-spheres, with M5 brane charges. When the 5 brane charges are relatively small,
the background geometry will still be given by (1), but Z will be different. Since we will
lose most of the symmetry, it appears that the problem will be far harder than the one with
a probe M5 brane. Fortunately, like in [1], the action does not change. so there is no more
work to do. However, here the “conspiracy” which makes this work is far more unexpected.
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A. The Geometry
As known from time immemorial, the geometry created by a distribution of M2 branes
is still given by (2), but with Z being the superposition of the harmonic functions sourced
by each brane. If for example the M2 branes are spread over a 3-sphere of radius r0 in the
3456 plane, the new Z-factor will be
Z =
2
π
∫ pi
0
R6 sin2 θ dθ
(r22 + r
2
1 + r
2
0 − 2r0r1 cos θ)3
=
R6
(r22 + (r1 + r0)
2)
3
2 (r22 + (r1 − r0)2) 32
, (33)
where r1 and r2 are the radii in the 3456 and respectively 789 10 planes. When the M2
branes are distributed over several such spheres, in the 3456 and 789 10 planes, Z will be a
sum of such terms, properly normalized.
The field equation for an antisymmetric antiselfdual perturbation is again:
d[Z−1(∗F 14 − F 14 )] = 0. (34)
and the Bianchi identity is dF 14 = 0. The behavior of the solution at infinity is given by
the boundary theory, and is the same as for trivial Z. There is also a magnetic source
corresponding to the 5 brane, but this creates a normalizable mode, which is subleading at
∞. We can perform the same clever trick as in [1]. From (34) we can derive:
d ∗ [Z−1(∗F 14 − F 14 )] = 0. (35)
Therefore, by the Hodge decomposition we derive that [Z−1(∗F 14 − F 14 )] is harmonic, and
thus equal to its value at ∞:
Z−1(∗F 14 − F 14 ) = −2T4. (36)
In particular, C13 and C6 will change, but (26) implies that the combination [C6+
1
2
C13 ∧C03 ]
will not change. This same combination appears in the M5 brane action (29), namely
C012345 − 12ZC345. We are definitely seeing a “conspiracy” - the factor of −1/2 came from
both the Born-Infeld and the mixed term of the M5 brane Lagrangian, and provides exactly
the combination which is unchanged when we change Z.
There is one more thing to consider, the effect of the M5 brane charge on itself. The M5
brane is a magnetic source for the 3-form field, and it appears as a source in the right hand
side of the Bianchi identity. Nevertheless, the M5 brane only couples with the combination
(36), which remains unchanged, and thus it is unaffected by itself.
B. The solutions
Let us consider first the potential felt by a probe M5 brane with M2 brane charge in
the geometry created by several shells of M2 branes. This is still given by (29) but with
a different Z. The leading contributions cancel as usually. The first 2 terms in (30) will
not change, and by supersymmetry, the third term will not change either. Therefore, the
potential will be independent of the distribution of the sources.
We would like now to consider the potential felt by the full set of M2 branes. This can
be found by bringing the branes one by one from ∞. In our case, like in [1] the potential
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felt by a brane does not depend on the distribution of the others, so as explained there, the
potential is the same as in the probe case.
If the 4 masses are equal, a general ground state is a configuration consisting of M2 brane
3-sphere shells with charges nb in one of the planes 3456 and 789 10. The potential will be:
−S
2π2V
=
∑
b
3
4Ab
∣∣∣∣z3b − 4QbzbmAb3
∣∣∣∣
2
, (37)
where Qb is by convention 1 for M5 and -1 for anti M5 branes, and Ab ≡ 4πnb/M311. There
is however one more condition which we ignored. In order for the geometry to be valid, the
M5 brane charge density of the shells should be smaller than their M2 brane charge. This
means:
nb >>
√
N (38)
Thus the possible configurations will be given by distributions satisfying (38).
We can see that there is a large number of discrete vacua, corresponding to combinations
of charges nb, adding to N and satisfying (38), in both the 3456 and the 789 10 planes. It
is a straightforward exercise to compute the normalizable modes created by the M5 branes,
in each of these vacua. The coefficient of these normalizable modes gives the value of a
condensate which contains the fermion condensate and its supersymmetric partners. The
vacua will be distinguished by the values of these condensates. The Z2 symmetry will relate
the vacua with M5 branes replaced by anti M5 branes (Qb → −Qb).
Unfortunately, we cannot interpret the vacua in any way as corresponding to broken
gauge symmetries some of which are restored when the M5 branes are coincident, since the
theory living on N M2 branes has mysterious degrees of freedom. Just for fun we may
observe that a relation similar to (82,83) in [1] also holds here. Namely, if n1 × n2 = N ,
descriptions with n1 coincident M5 branes and with n2 coincident anti M5 branes have
complementary ranges of validity. A speculative mind may see in this a sign of some duality,
but we will refrain from further commenting on that.
V. UNEQUAL MASSES
We can try to generalize the previous construction for the case of unequal masses. Since
we will only be interested in the limits when one or two masses go to 0, and since want to
keep the presentation simple, we will keep m3 = m4 ≡ m and vary m1 and m2. Unlike the
previous case, where the general configurations was SO(4) invariant, here we only have SO(2)
symmetry, so we expect the M2 branes to become polarized into an ellipsoid with 2 equal
axes. Again we can restrict to the 3456 plane and then obtain more general configurations
by phase rotations. The ellipsoid will be parametrized:
x3 = a r cos θ
x4 = b r sin θ cos φ
x5 = r sin θ sinφ cosα
x6 = r sin θ sinφ sinα (39)
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From (23) and (24), we see that on the ellipsoid C1θφα is multiplied by ab and Fθφα is
unchanged. Also in the θφα coordinates
G⊥ = r6Z sin4 θ sin2 φ(a2 sin2 θ cos2 φ+ a2b2 sin2 θ sin2 φ+ b2 cos2 θ) (40)
We noted that for any distribution of brane, the M5 brane equations of motion create a dual
field almost equal to the background −C012, so there will be no new contribution from the
Wess-Zumino term. The dominant terms of the potential do not depend on G⊥, so they will
have the same value as before, and they will cancel as usually. The terms which before were
proportional to r6/A will now be variable on the ellipsoid, and their value will be:
V∼r6 ∼
∫
E3
√
G‖
G⊥
Hθφα
(41)
What one might have been afraid of (the integrand proportional to
√
G⊥ - which would have
made the integral elliptic) does not happen. The integral can be easily worked out to give:
−S∼r6
2π2V
=
3r6
4A
a2 + b2 + 2a2b2
4
(42)
The term proportional with C3 will be multiplied by ab, and will change also because of (12).
Putting back the phases corresponding to rotations, and remembering that |z3| = |z4| = r,
|z1| = a r, and |z2| = b r we obtain the potential to be:
−S
2π2V
=
3
16A
(
2|z|2|z1|2|z2|2 + |z|4|z1|2 + |z|4|z2|2
)
− 1
2
Re(2mz1z2zz¯+m2z1z¯2zz+m1z¯1z2zz)
+
A
3
(2m2|z|2 +m21|z1|2 +m22|z2|2). (43)
where the second line was added to complete the square, as required by supersymmetry. We
can illustrate better the SUSY nature of this action by writing it as:
−S
2π2V
=
3
16A
(2|zz1z2 − 4mAz/3|2 + |z2z2 − 4m1Az1/3|2 + |z2z1 − 4m2Az2/3|2) (44)
This potential has a supersymmetric minimum at:
z21 =
4A
3
√
m2m2
m1
z22 =
4A
3
√
m2m1
m2
z2 =
4A
3
√
m1m2m
m
(45)
Thus, the branes will polarize into an ellipsoid in the 3456, respectively 879 10 planes with
the axes given above.
We will now try to write a few comments about the superpotential corresponding to the
action(44). We can see that if we assume our fields to be the complex scalars zi, we can
write a superpotential of the form
W ∼ z1z2z3z4 − 2A
3
∑
i
miz
2
i (46)
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In the case of polarized D-branes, a similar superpotential came from a superpotential
originally of the form:
W ∼ tr(Φ1[Φ2,Φ3]), (47)
perturbed with a mass term. The Φi were the N × N scalar fields on the brane, corre-
sponding to position in spacetime. The mass terms forced the ground state Φi to become
noncommutative, which corresponded to polarization of the Dp brane into a D(p+2) brane.
In our case however we do not know what form the scalars representing the position of
the M2 brane have (they are definitely not N × N matrices). Therefore, we do not know
what form the equivalent of (46) will have. What we do know is that it will involve all
the 4 scalar fields, and that adding mass terms will cause the ground state fields to become
“noncommutative” (more rigorously speaking - to modify the ground state fields so that the
term which contains all the 4 fields will be nonzero). This can give an intuitive picture for
the polarization of the M2 brane into a brane with 3 extra dimensions.
We also observe that the superpotential (46) has a “classical” form. More precisely,
it looks like the superpotential of a theory with 4 massive hypermultiplets, and does not
contain nonperturbative terms. Since we are at very strong coupling and we do not know
the degrees of freedom of the theory, we can only suggest that this happens because of N
being large.
We can also make a few comments about cases when some of the masses go to 0. Using
(45) we can see that if we take one mass to 0, the ellipsoid degenerates into a line of very
long length, which corresponds to the theory having a moduli space. Intuitively we can see
that if z1 has no mass, it is a modulus. Nevertheless, this moduli space is not protected by
supersymmetry, and can in principle be lifted by corrections. If we take m1, m2 → 0 keeping
m3 = m4 = m, we restore N = 4. The ellipsoid degenerates into a pancake of radius
r2 =
√
4Am2/3. It would be interesting to give an interpretation for this in the framework
of theories with 8 supercharges.
VI. MORE ABOUT THE THEORY ON THE BRANE
Since not too much is known about the N = 2 theory whose dual we constructed, we
can only use the duality one way: to interpret the possible M-theory configurations from
the point of view of the N = 2 theory.
A. Domain Walls
Since our theory has multiple vacua, they can be separated by domain walls. Let us
consider the domain wall between the vacuum corresponding to all the 2-branes polarized
into one M5 brane, and the vacuum with 2 M5 branes of charges n1 and n2. Since the first
3-sphere has radius r ∼ √N , and the concentric 3-spheres will have radii ri ∼ √ni, they
will both bend and meet at an intermediate radius r0. By charge conservation, another M5
brane should come out of the junction. Therefore, the domain wall should correspond to a
M5 brane filling the 3456 ball of radius r0 and extended in the 01 directions. Since the M5
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brane has 2 longitudinal and 4 transverse directions, it feels no warp factor, and its tension
will be
τ1 =
M611
(2π)5
π2r40
2
∼ m2N2. (48)
The tension will have another piece, τ2, which comes from the bending of the branes.
In the case of vacua with the same number of M5 branes, the branes will just bend into
each other, and there will be no object required by charge conservation to fill the 4-ball.
Thus the tension will only have one piece coming from the bending of the branes. It is not
hard to compute τ2, although we have not done it here.
We can compare τ1 with the tension of a supersymmetric domain wall, which is given by
the difference of the superpotentials in the 2 phases. Using (46) and (37) we can see that
for two generic vacua
τDW ∼ |∆W | ∼ m2N2. (49)
This has the same dependence on m and N as τ1. It will be an interesting exercise to
show that the construction with bent M5 branes reproduces the superpotential calculation
for supersymmetric domain walls. Even if the exact normalization of the superpotential is
not known, the matching of the dependence of the tension on the different ni’s would be a
beautiful result.
Since naively the superpotentials are the same in 2 vacua related by the Z2 symmetry,
it may appear from (49) that the tension of the domain wall between them is 0. Similarily,
(49) implies that the tension between vacua characterized by M2 brane charges ni and n
′
i is
zero, if
∑
ni =
∑
n′i = N and
∑
n2i =
∑
n′2i . This appears to contradict the expectation
that the bending tension τ2 6= 0. Nevertheless, since we do not know the relative sign
of the superpotentials in the 2 phases, and we also do not know if the domain walls are
supersymmetric, there is no contradiction.
B. Condensates, Instantons, etc.
The only candidate for an instanton (an object with spacetime dimension 0) is an M2
brane wrapped on the S3. Nevertheless, this configuration is unstable. The wrapped M2
brane can attach to the M5 brane and slide off.
As we mentioned, the coefficient of the normalizable mode created by the brane con-
figurations gives the value of the condensate which contains the fermion bilinear and its
supersymmetric partners. This can be straightforwardly computed, although it is not done
here. The other objects which may exist in this theory also need a more thorough investi-
gation.
VII. CONCLUSIONS AND FUTURE DIRECTIONS
Most of the conclusions of this construction are identical to the conclusions of [1], and
probably the main one is that M theory resolves the naked singularity on might have expected
to obtain by turning on fermion masses.
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Lots of things remain to be done and understood. The tension of the domain walls, as
well as their shape are well within our reach. A bit hard is to get an idea about what do
the plethora of vacua of the theory represent.
Another interesting thing which we observed was the interplay of the 3 pieces of the M5
brane Lagrangian, and how the turning on of a large flux along the S3 induced via the M5-
brane equations of motion a dual field equal to the background 3-form. This is an interesting
connection between the equations of motion of the M5-brane and of 11d supergravity which
deserves further study. We should also mention that this is to our knowledge the first time
when the M5 brane bosonic actions (both by Pasti, Sorokin and Tonin, and by Perry and
Schwarz) were used in a direct calculation. The cancellation of main contributions in the
potential (as required by supersymmetry), and the fact that the subleading terms reproduce
a supersymmetric potential are nontrivial consistency checks for these actions.
The case when one or two hypermultiplet masses are brought to 0 also awaits a more
thorough investigation. More can be said about the moduli of these theories, and possible
connections can be made with the vast literature on theories with 8 supercharges.
There is also a relatively well developed subject dealing with generalizations of the AdS4×
S7 duality to different less supersymmetric versions corresponding to various 7-manifolds.
In particular the perturbation which preserves G2 symmetry (and which is a combination of
the self-dual and anti self dual field strengths) has been identified [12] as giving rise to the
flow from the N = 8, AdS4 × S7 vacuum to the G2 invariant Englert vacuum. The tools
developed in this paper can be used to learn more about that flow.
The theory whose M-theory dual we found still remains very mysterious. Nevertheless
we were able using this construction to understand quite a few things about it. It is the
(probably overoptimistic) hope of the author that this approach may bring us closer to a
more complete understanding of this theory and of the M-theory degrees of freedom.
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